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Introduction

Following the work of Bhargava, Shankar, Taniguchi, Thorne, Tsimerman and Zhao [3], we give explicit
bounds on the size of the 2-torsion of the class group of a number field K in terms of its discriminant
Disc(K).

One of the main motivations for the modern formulation of algebraic number theory initially phrased by
Dirichlet is the acknowledgement that some number rings are not unique factorization domains (UFD) :
the fundamental theorem of arithmetic no longer holds in these rings. In this report, a number field K is a
finite extension of Q and to such a field we may attach its ring of algebraic integers O which contains those
elements of K whose minimal polynomial above Q is monic with integral coefficients. Though the ring O
is not a UFD in general, we may still factor its ideals into products of prime ideals in a unique way : one
says Oy is a Dedekind ring. It is equivalent for a Dedekind ring A to be a UFD and to be a principal domain,
hence one may measure the obstruction of A being a UFD with the class group of A : it is the quotient of the
group of non-zero fractional ideals of A by the subgroup of principal non-zero fractional ideals.

Example 0.1. The quadratic number field K = Q(V-5) has ring of integers Ox = Z[V-5] which is not a
unique factorization domain : its class group has order 2 and it is generated by the class of the prime ideal

(2,1+V-5).



It is a non-trivial theorem that the class group of the ring of integers of a number field is always a finite

(abelian) group. The usual proof relies on geometry of numbers as developped by Minkowski : the ring of
integers Ok forms a lattice of the real vector space K ®gy R whose covolume can be computed in terms of the
discriminant of K, and finding small elements in this lattice allows one to show that any ideal is equivalent
to an ideal of bounded norm. However, computing the size or the structure of this class group turns out to
be difficult in general. Some explicit results for abelian number fields can be obtained using the analytic
class number formula of Dirichlet, but there are few general results regarding the size of the class group of
a general number field.
Given a number field K and a prime p, it is somewhat easier to ask about the size of the p-torsion part
of the class group of K, especially the 2-torsion part. It is conjectured that, for any ¢ > 0 and any n > 1
one has [CI(K)(p)| = O(|Disc(K)|?) for number fields of degree n. Using techniques of geometry of numbers,
the authors of [3] manage to obtain a bound of the type O(|Disc(K)|"/?) for the 2-torsion of the class group
of number fields with fixed degree n, which they refine to O(|Disc(K)|1/2_1/(2")+8) using the Bombieri-Pila
determinant method [5] to count integral points on smooth curves. In this report, we make their result
explicit by keeping track of all constants appearing in the Bombieri-Pila theorem 3.1 and in their method.
We also fix an issue in their proof (see section 4). This leads to the following result :

Theorem 0.2. Let n > 2 be an integer. For a number field K of degree n, one has |Disc(K)| > 3 and the following
inequality holds :

nlogn

. R N | L 1
ICI(K)(2)| < C,, - |Disc(K)|2~2n"" " ToglogIDisc(K]]

with C,, < n*logn+0(n) 1y fact one can take :
2 n? n
C, = (216" £ SGn)

where SG,, is the number of subgroups of the symetric group S,,.

The result obtained in [3] seems to be the state of the art regarding this general question. More recent
articles obtain bounds on average or bounds for certain infinite families of number fields, sometimes relying
on the generalized Riemann Hypothesis (see [9] and [11] for instance).

In section 1, we obtain the first explicit bound of the type O(|Disc(K)|1/2) for the 2-torsion of the class
group of a number field of fixed degree. Although this is not the final result, it is used later in section
2 to obtain the stronger theorem 0.2. This section uses an explicit form of the Bombieri-Pila determinant
method which we cover in section 3.1. To make this report as self-contained as possible, we recall the basics
of geometry of numbers in the appendix (section 5).

I would like to whole heartily thank my supervisor Pr Philipp Habegger for the great experience I had
during my internship, for all our fruitful discussions at the blackboard and for his inspiring lectures on
diophantine equations. Similarly I would like to express my gratitude to the university of Basel, its teachers
and its PHD students for their warm welcome and for the nice atmosphere in the open space. Finally, a
special thanks goes to my tutor Pr Frangois Charles for helping me to find this internship and for contacting
Pr Habegger.

1 A first estimate on the 2-torsion of the class group of a number field
Let K be a number field of degree n = r + 2s with r real embeddings and 2s non real embeddings. For

convenience we assume # > 2.
The algebra K = K®gp R =R" x C* = R" is endowed with the p-norm for p > 1 defined by the formula :

1/p
Ixlp = [§ il +2) |z]~|”]
i j



with x = (xq,...,%,,21,...,25) € R" x C°. The limit case is the infinite-norm, given by :

Il = sup(sup |x;|, sup |z;])
! ]

In these notes we shall only consider the norms |e|, and |e|.,. Note that |e|, is a Euclidean norm induced by
the trace :

2 —
x|5 = Trg/r(xx)
with X = (x1,...,%,,21,...,25).
Lemma 1.1. The 2-norm |e|, is sub-multiplicative.

Proof. Let x,y € Kg. To make notation easier, let xy,..., x, denote the r real coordinates of x and X, 1, X,y 2,..., X251, X125
denote the complex ones along with their conjugate so that one has |x|, = ¥ |x;|>. We use similar notation

for y. Therefore :
oy =2 bewil < )l = 1B - ol

i i,j
as desired.
O

Lemma 1.2. The co-norm |e|, is natural with restrictions, in the sense that if L/K is an extension of number
fields, the restriction of the infinity norm on Ly to Ky is the infinity norm on Kg.

Proof. Since Vecty(K) = Kg and a norm is homogenous, it suffices to show that for any element x € K, one
has:

sup |ox|= sup |ox]|
0:K—C 0:L—C
which is clear since the restriction map Homg_,14(L, C) — Homg_,4(K, C) is onto. O

The vector space Kp is endowed with the usual Lebesgue measure on R", which comes from the n-form

dx; A...dx, NAdRez; AdImz; A--- AdRezg AdImz
The ring of integers Oy is a lattice of Kg whose covolume (see 5) is given by :
B IDisc K|'/?
=

for that measure. More generally any fractional ideal I of K is a lattice with covolume :

covol(Ok)

covol(I) = covol(Og) |||

where ||I|| denotes the norm of the ideal I over Q.

The field K has # infinite places taking multiplicity into account. If v is an infinite place, we write |e|, for
the absolute value on K that represents v and extends the usual absolute value on Q.

This theorem gives the first general estimate on the size of the 2-torsion of the class group.

Theorem 1.3. Let m > 2 be an integer. For any w € CI(K)(m), one can find some p € Ok \ {0} so that :
(BOk] = @™

and : .
|B|., < IDisc(K)|>

In particular one has :

ICI(K)(m)| < 'EX, (0, IDisc(K)[*) mO}(’"]'

|1/m c.

where (’)En] denotes the set of f € Ok such that )NK/Q(ﬁ)



Proof. Pick some representative I C Ok for w. Since ™ =1, there is some a € O \ {0} such that I"" = aOk.
Now consider the compact convex symetric body :

A={xeKgr|Vv x|, <C,}
where the C, are some constants yet to be chosen for each v an infinite place. One has :
vol(A) = 2" c* ]_[ C,
v
where the product takes into account the multiplicity of places (i.e each complex place appears twice). By

choosing C, = |Disc K|"/" |a[;V/™ one has :

2" covol(I™') = 2"~ |Disc(K)|2 |1 7! = 2"° |Disc(K)|"/? |NK/Q(a)|’” "

<vol(A)

since 2"7t° > 2""7°. By Minkowski’s first theorem 5.5, one can find x € I N A non zero. Now put:
p=ax™e Ok

which is an element of Ok since x € I"!. Therefore :

(D)™ = pOx
and [kI] = w. By construction :
|B|._ < IDisc(K)|7 .
Moreover one clearly has € OEH]. Hence the map :
B (0,[Disc(K)| % ) n OF"\ {0} — CI(K)(m)

sending f to the class of the m-th root of the ideal SOk if it exists and to 1 otherwise is onto, which yields
the desired inequality. O

Lemma 1.4. One has :

inf |xl, =V
x€0k \(0}

meaning that the first successive minimum of the lattice Ox for the 2-norm is \/n (achieved for instance at x = 1).

Proof. Let x € Ok \ {0}. From the inequality of arithmetic and geometric means one obtains :

—\1/n 1 - |X|§
Nig/r(xx) " < ETIKR/]R(JC )= o
which yields :
2 2/n 2/n
|x|3 > n |NKR/R(x)| = n(NK/Q(x)| >n
since Ng/g(x) € Z\ {0}. Moreover 1 has norm /. O

Using theorems 5.9 and 5.10 from appendix 1, there exists a sub-lattice A of Ok and a basis (vy,...,v,)
of A (hence with v; € Og) such that :

(2
Aj

)
=vil,
2 . . .
where /\E ) stands for the i-th successive minimum of Ok for the norm |e|,, and such that :
v = 1.

Let (v],...,v;) denote the dual basis of HomQ(K,Q) that corresponds to this basis. The following theorem
shows that the lattice Ok is not too skew.



Theorem 1.5. Let x € {2,...,n} be an integer such that K has no non-trivial subfield of degree strictly less than .
Suppose
n—-x=q(xk—-1)+r

with 0 <r <k —1. Then one has the inequality :

n—k+1 n—k+1 K-l
/\Z:Lz S[ ]_I /\l] l_l /\] ’ ;+1—K—q

i=2 j=n+2-x—q
where the successive minima A; are given by the 2-norm.
Proof. Consider the Q-vector space :
L =Vectg(vi,v2,.., Vy_ys1)-

Observe the following fact : let r € K be such that rL € L. Thus L is a Q(r)-vector space and its Q-
codimension in K is divisible by [Q(r) : Q] :

[Q(r):Q]lx-1

which contradicts the minimality of ¥ unless we have r € Q. Therefore for any irrational r € K\ Q, L is not
stable by multiplication by r.
Let us turn this observation into a linear algebra problem by defining V = Vectg(v,,...,v,_4+1) and by
considering the map :

V — (K/L)**

sending r to (1t(rvy),..., m(rv,_y41)) with  : K — K/L the projection. By the previous observation and
because vy = 1, this map is injective.

By considering the matrix of this map in the natural bases and considering a square sub-matrix with non
zero determinant, one can find some injective map:

o:{2,...n—-xk+1}—>{2,...,n—x+1}x{n-x+2,...,n}
which we can write o = (a, §) such that for all i :
”l/;(i) (‘Vﬂ/a(i)) =0
The family (vl,vz,. o Un—iet 1 (viva(i))) is then free, hence by definition of A,,_,.,, one has:
|vi7}a(i) 2 2 Apxra-
By sub-multiplicativity of the 2-norm (see 1.1) one has:
/\71—1<+2 < /\i/\a(i)~

Using that o is injective, the fibers of a have cardinality at most x — 1. By multiplying these inequations
with i ranging from 2 to n —x + 1 one has:

n—x+1 n—x+1 k-1
/\Z:§+2 = [ ]_l /\i] ’ ]_[ /\f ’ /\;Jrl*Kfq

i=2 j=n+2-x-q

as desired. O



By applying the previous theorem with « = 2 (hence r =0 et ¢ = n— 2), we obtain :

n—1
n-2 2
nrs<] A
i=2

Multiply by A2 to get the inequality :

Now use Minkowski’s second theorem 5.12 to obtain the following theorem.

Theorem 1.6. One has the following estimate for the n-th successive minimum of the lattice Oy for the 2-norm :

M2 < A, |Disc(K)[V"

with a constant that depends only on n :

2/n
A _4F(%+1) 2n
"Tn n/n e

as n goes to infinity.

Proof. By Minkowski’s second theorem and since |e|, is a Euclidean norm one has :

. covol(Ok)
U/\,‘ <2 m

where B(0,1) is the unit ball of Ky for the 2-norm. The desired inequality follows immediately using the
fact that 2r + 3s < 2n. Now one has :
2/
4 F(% + 1) "
A=
2/n

((£)" vrn) ™ 1+ o(

4
g nl/n
4

as desired. 0
In the appendix, lemma 7.2 we show that for any integer n > 1, one has :
A, <3n

hence in the rest of these notes we shall remember the simpler bound :

A2 < 34 |Disc(K)|" |

Note that this is also true for n = 1.
Combining theorems 1.3, 1.6 and 5.13 in the case m = 2, we obtain a first bound for the size of the 2-torsion
of the class group.



Theorem 1.7. Let K be a number field of degree n > 1. Then one has :

ICL(K)(2)| < (15n)"2"" [Disc(K)[Y2 | < 24" |Disc(K)| V2.

Note that the last inequality is really poor but it will suffice for theorem 0.2 because it will be in competition with
much larger quantities.

Proof. We first suppose n > 2. We start using theorem 5.13 on the number of points in the intersection of a
lattice with a set :

ICI(K)(2)| < ’Em (o, IDisc(K)[" ) N0k

vol (Eoo (O, |Disc(K)|% + 2”/\5100)))
covol(A)

<

n
252718 (|Disc(K)|’17 + 2”)\(,,""))
<

IDisc K|'/?

From theorem 1.6 we have : 5
AN <22 < 3 Disc (k)"

since |e|, < |e|,. Therefore :
ICL(K)(2)] < 2527 7¢° (1 + 2"3n)" [Disc(K)|/2 < (2vm)"2"" (4n)" |Disc(K)[2 < (8 V)" 2" |Disc(K)| 2
< (15n)"2"" |Disc(K)| /2

as desired. Notice that it clearly holds for n = 1. Eventually we conclude by using some rough inequalities,
provided that n >2:
(1571)”2"2 < 24n+nlog2 n+n? < 24n+2n2 < 24n2_

2 Power saving

We now want to perform some power saving on the exponent 1/2 on the discriminant in theorem 1.7. Fol-
lowing [3] we shall prove theorem 0.2. In everything we will do it will be convenient to have the following
lemma.

Lemma 2.1. If K is a number field of degree at least 2, then :
|Disc(K)| > 3.
In particular log|Disc(K)| > 1.

Proof. A theorem of Minkowski ensures that one has :

|Disc(K)| > (1:1—7)2 (%)n

with n = [K : Q]. If n > 2 then it implies that |Disc(K)| > 3. If one is not sure with the constants in
Minkowski’s theorem, one can argue by saying that the discriminant cannot be 1 from a theorem of
Minkoswki and that it has to be congruent to 0 or 1 modulo 4 by a theorem of Stickelberger. O



2.1 Case where K has no subfield of index 2

Here we suppose K has no subfield of index 2.

Thanks to theorem 1.3, our goal is to get a more precise bound for how many f € OE] satisfy ‘ﬂLx) <

IDisc(K)|"".
To do this we make a dichotomy : we first count those f whose characteristic polynomial x(X) = Ng/q(X —
p) over Q is a square and then those for which x; is not a square.

Lemma 2.2. Let a € K and let 7t, denote the minimal polynomial of a. One has :

K:
X, = K]

and the following are equivalent :
* The polynomial x,, is a square in Q[x].
e The index [K : Q(a)] is even.
Proof. Let 1t, denote the minimal polynomial of a. One has :
Xa= Tfé

where j = [K : Q(a)] because for each conjugate b of 4, there are exactly j many o € Homg_14(K, C) sending
a to b (they correspond to the extensions to K of the only morphism Q(a) — C that sends a to b). The
equivalence then follows from the irreducibility of 7,. O

Theorem 2.3. Suppose K has degree n > 2 and has no subfield of index 2. Then the number of f € Ok such that
Xxp is a square in Q(X) and such that |ﬁ|w < |Disc(K)|1/" is bounded above by :
n2
2'T SG,, |Disc(K)[/*
where the SG,, is the number of subgroups of the symetric group S,,.
Proof. Denote by ¢ this number we wish to estimate. From lemma 2.2, we have :

0< Z OKOEOO(O,lDisc(K)ﬁ)ﬁF’: Z

FCK, FCK,
[K:F]=0 [2] [K:F]=0 [2]

Op N B, (o, IDisc(K)|" )‘

For such F we have [Disc(K)| = ”DK/F”F/Q - |Disc(F)[X**1 with D p the relative discriminant, hence :

IDisc(F)| < |Disc(K)| /K]

Therefore for any such F of degree d = rp + 2sp one has, using 5.13, the naturality of the infinite norm



(lemma 1.2) and theorem 1.6 (with R = |Disc(K)|"/"):

d
- 2esse et (R4 20257 (Op)
|OF N B, (0,R)| <

IDisc(F)|2

A1)\
< QTFHSE g (R+2 A (OF))

d
< 2TFFSF°F (R +293d|Disc(K 1/")

< QTFHSEpSF (R +293d|Disc(F 1/d)ﬂl
)d

< 2"FE e Disc(K)|[ " (1+273d
d

< 2P F [Disc(K)|4 (1 +293d)

< 2% |Disc(K)| /4 < 2474 |Disc(K)|/* < 2"*/4 |Disc(K)| /4

using the same inequality as in the proof of 1.7, and using the facts that [Disc(F)| > 1 and [K : F] > 4 since by
hypothesis [K : F] is even and K has no subfield of index 2. Now the number of subfields of K is bounded
by the number of subgroups of the symetric group S, by Galois theory, which concludes the proof. O

Now let us count those  for which x; is not a square. First we need the following lemma.
Lemma 2.4. Suppose K has degree n > 2 and has no subfield of index 2. Consider the projection :
Kp — Kg/R.

Then one has the following estimate :

S 24712 IDiSC(K)ll/z—l/n i

’71 (Ew (o, IDisc(K)|" ) N OK)

Proof. Notice that Z C Ok and 7(Ok) = Ok/Z. Put R = |Disc(K )|1/" For each line L € 71( w(0,R)N OK) one
has : _
2R-1<|LNB(0,2R) N Ok

for, if x is any element of LN O (thus L = x + R), the points x +k for |k| < R all lie in LN B, (0,2R) N Ok, and
there are 2| R|+ 1 > 2R — 1 such points. Since these lines are disjoint from each other it follows that :

‘n(Em (0,R) mOK)‘ -(2R-1) < |Bw (0,2R) N Ok|-
Now we use the same method as in theorem 1.7 to bound the right hand side :
B (0,2R) N O | < 27*57°(2 + 2"3n)" IDisc(K)| Y2 < 27+ 752" (4n)" IDisc(K)|/? < 24" Disc(K)| 2.
Now one concludes using the fact that 2R—1 > R since R > 1. O

Theorem 2.5. Suppose K has degree n > 2 and has no subfield of index 2, and suppose that the following holds :

2

|Disc(K)| > e®"

Then the number of p € O}?] such that x g is not a square in Q[X] and |/5|Oo < [Disc(K)|Y" is bounded above by :

1

2167 (1og [Disc(K)|)2"**/2 |Disc(K)| 227 .



Proof. Let again R = IDisc(K)|"/", and denote by g the number of such § we wish to count.
First observe that if p € Ok, whether x; is a square or not only depends on the class of f modulo Z.

Therefore :
8= Z &c
cen(Bo(0,R)NOk )

where g, is the number of g in the class ¢ such that g, € OE] N B(0,R).

Fix a class ¢ = 7(B) and let us bound g.. The elements we wish to count are the g~k € B(0, R) with k € Z and
|NK/Q(/3 - k)| = |)(5(k)) is a square. This imposes to have |k| < 2R by triangular inequality (since |k|., = |k|).
Since x4 = T[Z where g = [K : Q(B)] is odd, it is equivalent for |)(/5(k)| to be a square and for Inﬁ(k)| to be a
square, where 74 denotes the minimal polynomial of B.

Therefore :

g < |{k €[-2R,2R]NZ | ng(k)is a square}| + |{k €[-2R,2R]NZ| —mg(k)is a square}|.

Let us eliminate the case where 8 is rational (i.e. § € Z because § is an algebraic integer). There is only one
class, namely 7(0) for which this happens, and in this case we can use the rough bound :

8n(0) < 5R.

Now suppose f is irrational, hence d = degmg > 2. Consider the C-irreducible curves of degree d : C: y? =
ng(x) and C’: y? = —74(x) over Q.
Notice that for all k € [-2R,2R]NZ one has :

s = [ [k-o)]"" <R = (3R)!

0:K—C

Hence if y% = +74(k) one has )y| < (3R)¥2.

Therefore g, is bounded above by the number of integral points (x,y) (i.e. points with coordinates in Z) on
C and C’ with x| < 2R and [y| < (3R)¥2.

Put t = 2(3R)%¥? so that, since 4R < t, the points we need to count are contained in some square of side t. By
assumption on the discriminant, one has :

2\ 1/n\d/2 2
t22(3-(66” ) ) Ze3dn263d

which is the assumption we need to use the Bombieri-Pila theorem 3.1. With N; = 40- (5e)*d24 3s intro-
duced in theorem 3.1 and A = |Disc(K)| = 3, one obtains :

n d 2n+9/2 .

gc < 2Ny - (logt)24+9241/4 < 5N, - (logZ + ElogB + %logA) V6 Az

2nlog?2 11210g3))2n+9/2 AR

d
52\/€Nn-(glogA(l+ cdn? + o2 2u

log2 1 2n+9/2
S2\/€N,,~(2d—nlogA(1+ 98~ °g3)) A%

12 12
<2V6N, - (log A)>"+/2 . A7

usingn>d>2,A> 6" and 1 + log(6)/12 < 2. Now we sum over all c € T((Em (0,R) ﬂOK) using lemma 2.4

10



(as well as gy (g)) to get :

g< ZN/ENH . (logA)2”+9/2 DA x 24P AV2-1/n g AL/n
<2V6- 24" N, (log A)"*92 A3~ % + 5A37 %
<6- 24712Nn(10gA)2n+9/2A]§—ﬁ
and then we use easy inequalities :
log, (6 24”2Nn) =4n® + 2nlog,(n) + 4nlog,(5e) + log,(240) < 61’ + 4nlog,(5e) +log,(240) < 16n°
since n > 2. This concludes the proof. O

Corollary 2.6. Let K be a number field of degree n > 1 that has no subfield of index 2. Then the following
inequality holds :

2n+9/2

IDisc(K)[2 ™%

ICI(K)(2)| < B, - (log,; [Disc(K)])

712
with B, = 2l6n® 4 2'r SG, < nt*logn+0(n?) g log.(x) = max(log(x), 1).

Proof. Under the assumption |Disc(K)| > e’ (which implies n > 2), it is straightforward by adding the
bounds of theorems 2.3 and 2.5 together and using theorem 1.3.

Now if |Disc(K)| < ¢5"” then theorem 1.7 gives :
|C1(K)(2)| < 24nze3n2 < 216112 < Bn

as one can easily check by taking the logarithm, so the inequality still holds in this case using log., instead
of log. O

2.2 General case

Now we deal with the general case in order to prove theorem 0.2 using relative genus theory results coming
from [10]. For convenience, let us first state the few elementary results that we will need.

Lemma 2.7. * For any integer n > 1, denote by w(n) the number of divisors of n. Using [12], theorem 11, we
have forn >3 :
1
w(n) <1. o8%
loglogn

* The quantity B,, defined in 2.6 increases with n. This is because S, embeds in S,,,1 for all n.

e Forall x > 3 one has :
(loglog x)* < logx.

Suppose that K has degree at least 2. In particular from lemma 2.1 the absolute value of the discriminant
of K, which we will denote by A for convenience, is at least 3 :

A>3.

By induction we can find F C K a subfield of index 2" which has no subfield of index 2, for some r > 0. We
denote by r,(K) the dimension of the F,-vector space CI(K)(2), in other words :

12(K) = log, (|ICL(K)(2)]).

11



Using [10], theorem 2.7 which is obtained by inductively applying relative genus theory for quadratic
extensions, we have :

12(K) <27y (F) - o ([ D)

where n = [K : Q] and Dg,r denotes the relative discriminant of the extension K/F. Recall we have the
following formula for relative discriminants :

A = Disc(K)| = || Dk, - Dise ()

from which we deduce that ”DK/F”F/Q | A hence a)(”DK/F”F/Q) < w(A) and |Disc(F)| < A*". Now applying
theorem 2.6 to F we obtain, using that B,, is increasing with n :

1 27’—1
r2(K) < 2"log,(By—ry,) + 2" (2% + g)log2 (log21 |Disc(F)|) +2" (E - )log2 |Disc(F)|+ nrw(A)
1 r—1
< nlog,(B,)+ (2n+ 9. 27—1)10g2(log21 A) + (E -, )longJr nlog,(n)w(A)
9 1 1 log A
< = S —— . —
< nlogz(Bn)+(2n+ 211)10g2 (logA)+(2 2n)long+1 4nlog2(n)loglogA
13 loglogA 1 1 nlogn
<nlog,(B,)+log, Al =n—2"2— 4+ - — +14—2°_
< nlog,(B,) +log, ( 2" log A IR loglog A
Now notice that :
loglogA < 1

logA ™ loglogA

because A > 3 and using the last part of lemma 2.7. Using this bound we obtain :

1 1 1l.4nlogn+6.5n
- L4 Lanlognd6.on
rz(K)_nlogz(Bn)“ngA(z o loglogA )

1 1.4n10gn+%”10g”
< nlog,(B,) +log, A 2 0, loglogogA
1 1 nlogn
snlogz(Bn)+l°g2A(§"z_n+ @)

And by taking the exponential in base 2 we prove theorem 0.2 :

11 nlogn
loglog|Disc(K)|

1 1
ICI(K)(2)| < C,, - |Disc(K)|2 2"

with C,, = B! < n’ logn+0(n’),

3 The Bombieri-Pila determinant method

The goal of this section is to give a complete proof of a theorem of Bombieri and Pila [5] that aims to
give an upper bound to the number of points with bounded integer coordinates on some real curve that is
irreducible over the complex numbers (we say it is absolutely irreducible).

We obtain a slightly better bound by using a more recent paper [4] and by making all estimations explicit.
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Theorem 3.1. Let F € R[X,Y] be a C-irreducible polynomial of degree d > 2. Denote by V(F) the set of real
points of F. Let I be a bounded interval of length t and | be a bounded interval of length t.

Suppose that t > exp(3d?).

Then the number of points in V(F) N1 x ] N Z? is bounded above in the following way :

[V(F)N(Ix])NZ2| < Ny - (log(t))>* %2 11/

with :
N, =40 (5¢)* 424,

The idea of the proof is as follows : after removing all singularities from the curve V(F), cover what
remains with graphs of smooth functions f with small first derivative in either one of the forms y = f(x) or
x = f(v). The integer-coordinates points of such a graph can then be covered by some other algebraic curves
that share no common irreducible component with V(F) and whose degree is a parameter we choose at the
very end.

By Bézout’s theorem (at least a weak version of it that gives only an inequality, see [7], exercise 10 for a
proof), there can not be too many points on V(F) that are also on other algebraic curves. This gives the
conclusion.

Let us now fix some notation that will be useful for the proof. If I is an interval of R and f is any bounded
function on I, we define :

Ifll; = sup |f (x)]

i.e. the infinity-norm of f on I. Define A(I) to be the length of the interval I.

3.1 Covering the graph with curves

Definition 3.2. Let M C N? be a finite of D many pairs (a,b) (that correspond to monomials X*Y? e R[X,Y]).
Denote by (M) the D-dimensional vector space of polynomials in R[X, Y] whose monomials X*Y" are such that
(a,b) e M.

A M-curve is the zero-locus in R? of any non-zero polynomial in (M).

Theorem 3.3. Let M C N? be a finite set of D > 2 many pairs (a,b). Let I be a non trivial compact interval and
write A = sup . |x|. Let f be a CP~! function on I. Suppose that C and 6 are positive constants such that :

[
TH < C- ok

for 0 <k <D —1. Suppose also that :
AD) > 5 (2AP(CDY) |
where p =} (g pyemaand q =Yz pemb-
Then the set S defined by the intersection of the graph of f with the lattice 7.% :
S=((xf(x)|xel)nZ?

is contained in some M-curve.

Proof. For each m =(a,b) € M, put:
fun(x) =2 f (x)"

13



so that f,, is a CP~! function on I. Let us first obtain some rough estimate on fék) forallk<D-1:

k), . k! diox? dh f(x)  dPf(x)
fm (X)_, Z ipl...1p! d xio ' dxit 777 dxiv
ig+-+ip=k
| . i ip
= ) - K a=1).. (a—ig+1)xo-io. LS d* )
. - igl...1p! dxh d xt
ig+-+ip=k

Using the hypotheses on f one has :

= 3 war

ig+--+ip=k

< ¥

ig+--+ip=k
a
a

< 2%kkpach
< k!(2A)*5*

Therefore :

k!A”(

)k!A“Cbék

9

a

1o

Kk +1)°
(Clk+1))

il +“'+ib :k—io

-cbﬁaff

j=1

)Cbék

)

|

)k!A“Cbék(k —ig+1)

],

k!

< (2A)*8"(C(k +1))°

Now suppose that S is not contained in any M-curve. Consider the linear map :

(M)

that sends some polynomial P € (M) to the family (P(x,))(x)es-

contained in any M-curve.

RS

This map is injective since S is not

Hence there is some subset T C S with |T| = D such that the restricted map :

¢ (M)y—RT

is an isomorphism. Denote by (x1, f(x1)),...,(xp, f(xp)) the elements of T, with x; < x, <--- < xp. The
matrix of ¢ in the (unordered) bases given by M and T is precisely :

(fﬂ(xi ) )meM,lgisD

and its entries are integers because T C Z2. Since this matrix is non-degenerate, its determinant is a non-

zero integer, hence it is at least 1 in absolute value :

det (f(x;))

meM,1<i<D

14



Now we want to estimate this determinant using the bounds we have found for the ||f£)|| .

For any m € M and any 1 < k < D, by Lagrange interpolation, the polynomial P,, ; defined by :

X—X]'

m X — X
i=1 jrij<k Tt T

coincides with fm at the k distinct points x1,..., x.

By Rolle’s theorem applied k — 1 times, fék_l) and P;klzl) (which is a constant polynomial) have the same
value at some t,,; €1 : B

k
(k-1) fu(xi)
tr)=(k=1)1 ) ————
fu ) = (=) — [ i j<i (xi = X))
This triangular system of equations between the (f(k 1)(t,,,,k)) and the (fm(xi))m ; yields :
mkl) ok m\Xi)),

i—1

D 1
I—[ |xi = x|

Dt
det[w » det ﬂ ‘ i=1 ]:1
One then has :
1 < |det (ff(xi ))meMJSiSD
f(k—l)
< det[ ] l_“x’ gl
mk ]<1
D k 1) H
SZ]_[ | i =]
> -1 ]<l
Y I_IZA D8k (k) A1) ()
=(a,b) k=1

<D!- (2A)p(CD)‘7 -6A1)(2)
< DP-(2A)(CDY? - (6A(1))(?)
where o ranges over all bijections {1,..., D} — M, writing ¢ = (4, b) to say that o (k) = (a(k), b(k)). Therefore

L
2

DT ((24P(CD)Y) () 67!

for D > 2, as desired. O

Corollary 3.4. Let M C N? be a finite set of D > 2 many pairs (a,b), and keep the same notation for p and q. Let
I be a non trivial compact interval with A = sup,; |x| and let f be a CP=! function on I that satisfies the same
estimates :

||f 'l

<C-o

15



for0<k<D-1.
Then the set S previously defined is contained in the union of :

L

1+45A(I)((2A4)P(CD)T) ()

many M-curves.

Proof. Denote by (x1, f(x1)),...,(xs, f(x5)) the elements of S, with x; <x, <--- < x.

Put ny = 1. Suppose ny has been defined. If the set {(x,,, f (x,)),.-, (x;, f (x,,))} is contained in some M-
curve then stop the induction and put Sgyq = {(xp,, f(x5,)),- -, (x5, f ()}

Otherwise pick 1, ; maximal so that n; < ng,; <s and so that the set :

Sk1 = {(xnklf(xnk))" . -;(xnk+1—1'f(xnk+1—1))}

is contained in some M-curve. Note that it is possible because one point Q is always contained in some
M-curve because the map (M) — R that evaluates a polynomial at Q is not injective since D > 2.
This process will stop, and we get a partition of S :

S =

[ =z

Sk
k=1

with Sy contained in some M-curve, and for all 1 <k <N, the set Sy LI {(x,,, f(x,,))} not contained in any
M-curve.
By the previous theorem one has forall 0 <k <N -2:

1

(2A)P(CcD)1) 3 57!

N

/\([xnk’ xnk+1 ]) 2

by maximality of ny,. Summing over k yields :

-

/\(I)Z(N—l)-i((zA)P(CD)q) 5!

and since S is contained in the union of N many M-curves, we get the desired result. O
Using this and Bézout’s theorem, one has the following theorem.

Theorem 3.5. Let F € R[X, Y] be a C-irreducible polynomial of degree d > 2 and let € > d by an integer. Put :
D=d((-d+1)>2.

Let I be a non trivial compact interval contained in [0,A] for some A > 0 and let f be a CP~! function on I that
satisfies the estimates :
I

k
TSA-(S

for 0 <k <D -1, and such that F(x, f (x)) = 0.
Then one has the following bound for the size of previously defined set S :

x =1+45)\(I)(2AD)

where dat
D-1
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Proof. Consider t > 0 maximal so that the monomial X?~*Y* appears in F. Now define the following set of
pairs :
M={(ab)|d <a+b<€and X'V { XY}

For all d <i < { there are exactly d many elements (a,b) € M that satisfy a+ b =i,s0:
M| =(£-d+1)d=D

which motivates the definition of D. Also define p and q like before : p =) (;)epm@ and g = )4 pyem b-
Notice that :

_ d+¢ D(d +¢)
prq= ) (a+b)= Zdl d—=((-d+1)= ———.
(a,b)eM

Now use corollary 3.4 to obtain that S in contained in a union of at most :

{1 + 450(T) ((2A)P(AD)! ><'%>J

D(d+0)
2

many curves. Observe sincep<p+qgandg<p+qgandp+qg= , this number is less than x defined as :

K =1+451(I)(2AD) DT .

Now observe that for each G € (M) \ {0}, the polynomial G is not divisible by F by construction of the set S
:if G=HF, write F=F; +---+ Fyand H = H; +--- + Hy with F; and H; homogenous of degree i, F; = 0 and
H, # 0. One has :

G = H,F; + lower degree terms

which implies that H F; is also in (M).
Now by definition of ¢ one has F; = agX? + a; X971Y + - + a,X97'Y" with @, = 0. Write also Hy = foX® +
B1X571Y 4o+ B, Y5 so that :

H,F; = Zai/ﬂde+S_i_j Y™ € (M)

ij

and therefore we can sum only on those (i,]) that satisfy d <i+j<¢,0<i<t 0<j<sand Xa-tyt}
X4+s7=] Y] Tt is easy to see that there are no such pairs, which is absurd.
Hence by Bézout’s theorem, since F is irreducible in C[X, Y] and does not divide G, for each G € (M) \ {0},

one has:
[V(G)NV(F)| <d¢l

where V(F) denotes the zero locus in R?. Therefore :
|S| < xdl

as desired. O

3.2 Some elementary results

In order to continue the program announced before (3), one needs a few elementary lemmas that we list
and prove here.

Lemma 3.6. Let a < b be real numbers, k > 1 and C,6 > 0. Let f be a C* function on [a,b]. Suppose that for all

x€la,b]: 'f )

<Cé'
il
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fori<kand:

‘f(k)(x)’ k
i > Co".
Then one has :
b—a< % .
0

Proof. Using Taylor’s formula, there is some ¢ €]a, b[ such that :

and then :

0,

C(s(b—-a) < o

k-1
<C+ ZC(é(b —a))
i=0

now put x = 6(b —a) > 0. One has :
k-1

xk S1+in.

1=

We need to show that x < 2. Suppose not : then x = 1 so xk <1+ ’f_’ll, hence x¥(x — 2) < -1 which is

absurd. O

Lemma 3.7. Let K be a field, F € K[X,Y] be a degree d > 0 polynomial and f € K[X] be such that :
F(X, f(X))=0.
Then deg(f) <d.

Proof. Denote by ¢ the degree of f.
Reducing F(X, f(X)) = 0 modulo the ideal (Y — f (X)) yields :

F(X,Y)=0[Y - f(X)]
hence Y — f(X) divides F in K[X, Y], but Y — f(X) has degree ¢ in the variable X, so £ < d. O
Lemma 3.8. Let f be a smooth function defined on some non trivial interval I, which satisfies :
F(x, f(x)) =0

with F e R[X, Y] of degree d > 2 irreducible on C. Suppose also that f is not a polynomial.
Then for any k > 1 and any ce R :

[if® =c}| <d(d-1)(2k-1)

Proof. From F(x, f(x)) = 0, one has by differentiating :
Iy F+0,F-f =0 (+)

where we implicitly evaluate everything at (x, f (x)). Let us show by induction on k > 1 that there exist some
H; € R[X, Y] with degree less than (2d — 3)k + 2—d > 0 such that :

)2k—1

Hi+(d,F)"  f® =0

18



The case k =1 comes from (x). Then suppose we have case k. By differentiating one obtains :
O Hi + 9y Hy - f'+(2k = 1)(9,F) 729y, F + 9y F - f/)f 0 4 (9, F)* 1 f12K+1) = 0

and by multiplying by (QyF)z, using (+) and the equation at rank k :

Hi +(9,F)" f&V =0

)2k+1
with :
Hys1 = 0y F (9, F0,Hy — 0, F, Hy )+ (2k — 1)Hy (95 Fdyy F = 9, F s F)

which implies :
degHy,1 <2d-3+degH; <(2d-3)(k+1)+2-d

as announced.

Now let ¢ € R and put Q; = Hy + (8y13)2k‘1 c.

Now we show that the polynomials F and Qj are relatively prime in C[X,Y]. Otherwise one would have
F | Qg by irreducibility of F in C[X, Y] and then for all x € I one would have Q(x, f(x)) = 0 meaning that :

(AyF)* ! (x, f(x)) - € = (9, F) " (x, f (x)) - 9 (x)

for all x € I. Now ayF is not the zero polynomial otherwise from F(x, f (x)) = 0, I would be trivial or F would
be zero. Hence ByF and F are relatively prime in C[X, Y] and by Bézout’s theorem V(ayF) N V(F) is finite.
Therefore (z9y13)2k‘1 (%, f (x)) can have only finitely many zeros on I. Hence the set {f(k)(x) =c}is densein I
and by continuity f is a polynomial, and this case we excluded.

Therefore F and Qy are relatively prime and by Bézout’s theorem one has :

IV(F)NV(Qx)l <d-deg Qe <d(d—1)(2k—1)
Now if f®¥)(x) = ¢ then (x, f(x)) € V(F) N V(Qy), hence by injectivity of x - (x, f(x)) :
(f% =) <d(d-1)(2k-1)
as desired. O

Lemma 3.9. Let f be a smooth function defined on some non trivial interval I, which satisfies :

F(x,f(x))=0

with F e R[X, Y] of degree d > 2 irreducible on C. Let k > 1.

Let Ay,...,Ax > 0. Then there exists a partition of I in at most 2d*k? intervals I; so that for all j and all
Cell,...,k}, either :

sup|f*] < 4,

]

or:
inf| O] > A,.
Ij

Proof. There are two cases regarding whether f is a polynomial or not.
If f is not a polynomial, then subdivide I at each point where f(x) = +A, for any £ € {1,..., k}. Using lemma

3.8, there are at most :
k

ZZd(d ~1)(2¢-1)=2d(d - 1)¢?
(=1

19



such points, which makes at most :
1+2d(d-1)0? <2d%0?

intervals. By the intermediate value theorem, one clearly has the desired result.

Now suppose f is a polynomial. By lemma 3.7, f has degree at most d. Now subdivide I at each point
where f)(x) = +A, for any 1 < ¢ < min(k, deg(f)—1) (note that f = 0 because deg F > 2 and F is irreducible).
This time we have at most :

min(k,deg(f)-1)

U
—

2(deg(f)-€)< Y 2(d-€)=d(d-1)<2d*k?

(=1 1

S
Il

such points because f!) has degree deg(f) —¢. By the intermediate value theorem and the fact that for
¢ > deg(f) -1, f\¥ is a constant so it obviously satisfies one of the two inequalities, we obtain again the
desired result. O

3.3 A proof of the Bombieri-Pila theorem

In this part we prove 3.1. As announced in 3, we first deal with graphs of smooth curves contained in V(F).

Theorem 3.10. Let f be a C* function on some bounded non trivial interval I of length t. Let F e R[X,Y] be a
C-irreducible polynomial of degree d > 2 such that F(x, f(x)) = 0. Suppose that :

&

and consider the set S given by the intersection of the graph of f with the lattice Z*. Then one has :

ISl

provided t > exp(3d?), with :
M, =40-(5¢)>* 42,

Proof. First, upon translating the graph of f by elements of Z? and without changing any hypothesis, we
may suppose it is contained in [0, A(I) + 1]* with A(I) the length of I as usual (using the fact that I/l <1).
We make the assumption that A(I) > 1 for now.

Now fix 6 > 0 to be chosen later. Fix € > 2d to be chosen later too. Keep the notation as in theorem 3.5 :

D=d((-d+1)>2

as well as dat
D-1

k= 1+45M(I)(2AD)

with A =sup,;|x| < A(I) + 1. Taking into account £ > 2d one has :

a+l d+¢ < d+¢ <l€—d+2d
D-1 dt-d2+d-1"d¢-d>2~d ¢-d

Note also that D < d¢. Now define the exponent « to be :

<1+ 2 < —+
—d (-4~

ISHEE
|

a—1+4>0
Td ¢

so that :
K <1+48A(I)(4AI)D)* <1 +45A(I)(4A(1)do)”
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since 4A(I)D > 1 and A(I)+ 1 < 2A(I). We now put :
K(t)=1+46t(4td&)*

which does not depend on F, so that ¥ < K(A(I)).
Using lemma 3.9, subdivide I into at most 2d2D? intervals Ij such that for all i € {1,...,D — 1} and all j one
has either :

e
sup —— <(MI)+1)8
I]‘ *
or:
s -
i? —r > (AMI)+1)5"

]

Now fix some j and let us count the elements of the graph in I; xRN Z?. There are two possibilities :
(i) .
Either supy, @ < (MI)+1)d" is true for all i € {0,..., D — 1} (it is always true for i = 0 because the graph is
(i) .
contained in [0, A(I) + 1]?) or there is some 1 < k < D —1 such that one has supy, |fl—‘| < (A(I) +1)o" for all
(k)
i <k and infy, % > (A(I)+1)ok.
In the first case, using theorem 3.5, one has :

|S NI xR| < K(A(I)de

because Ij is shorter than I.
In the second case, using lemma 3.6 :

ML) <

SRS

Now for all t > 1, define B(t) to be the supremum over all non trivial intervals ] of length less than ¢, over
all C* functions g on J with ||g’[l; < 1 satisfying G(x, g(x)) = 0 for some G € R[X, Y] irreducible in C[X, Y]
of degree d, of the number of points on the graph of f in the lattice Z?. Note that B(t) < co because it is
bounded above by ( + 2)2. Note also that B is an increasing function in .
By summing all the bounds on the number of points on each I; one gets :

B(t) < K(1)dC - 2(dD)? + B(%) .2(dD)>?

for all t > 1. We still need to choose parameters ¢ > 0 and ¢ > 2d (note that K(¢) depends on those parame-
ters). Instead of choosing 9, it is equivalent and easier to choose y > 0 so that :

2 = ut
5 M
We will even choose p < 1 in order to make an induction to bound B(t). One has (using again D <d{):

B(t) < K(t)d-2(dde)? + B(ut) - 2(dde)?
=2d°03 (1 + 46t (4td0)*) + 2d*€*B (ut)

=2d°03 (1 + % (4td€)“) +2d*C*B (ut)

<2d°¢03 (% (4td€)“) +2d*?B(pt)

=Ut* + VB(ut) (%)
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because (4td€)* /u > 1 since p < 1, and letting :

184503
p

U (4d0)®

and
vV =24d*¢2.

By induction on the formula (*) we see that :
B(t) < V"B(u"t) + t7U (1+ (V) + (Vi) + -+ (V) !)

for all n > 0 such that p"~!t > 1 (in order to keep the hypothesis t > 1 that was required to get formula (*)).
Now we choose parameter y so that :
1
Vut =<
=2
which is compatible with the condition y < 1. Also we choose the best n as possible, that is n such that
p"t <1 < p" 't which is possible since y < 1. So far the only parameter yet to choose is ¢.
One has now :

U1 -(1/2)")
1-1/2
because y"t <1 and, in a square (aligned with the axes) of side strictly less than 1, there is at most one point

of Z2.
Since p"'t > 1, we have p"t > p thus V" < z%t“ < 2Vt%. One therefore has :

B(t) < V"B(pu"t) + <V"4+2t°U

B(t) <2(U+ V)t*
and we still have to estimate U + V and choose €. Observe that :

184503
U+V =

(4d0)% +2d*¢% = 18d°3(2V)V¥(4d0)* + 2d* 0% < A>3 (4d* %)V (4d 0)* ( 18 + %) < §d5€3(4d4€2)1/a(4d6)“
because 2d%¢? < }—Ld5€3. Hence :
B(t) < 7—23d5€3(4d4€2)1/“(4d€)“t“

< 7_23d5€3(4d4€2)d(4d€)3/2t4/€t1/d

< 2924941244 exp(%log(t) N (Zd ; ;)log(Z))tl/d

and the term in the exponential is minimal when :

4log(t)
(=
2d+3

Since ¢ has to be an integer, we rather take :

/- [4log(t)}
2d+%

Also we want ¢ > 2d so we require :
9
t> exp(d2 + Zd)
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or more simply ¢ > exp(3d?). In this case, one has :

2d+9/2 ,1/d
()22 ¢V

B(t) <292-49413/2g4d.

10 2d+9/2
wies)  log

4d +9

<292.4413/244d . (106’ )2d+9/2 (log(£)24+9/2 11/d

< 292 4dd2d+2 10@) o(£))24+9/2 1/d

< 40 - dZd(Se) (Se)2d . (lOg( ))2d+9/2 tl/d
< 40 - (56)3d dZd . (10g(t))2d+9/2 tl/d

because 10e < 62 and d? < (5¢)%. O
Eventually we prove theorem 3.1 :

Theorem 3.11. Let F € R[X,Y] be a C-irreducible polynomial of degree d > 2. Denote by V(F) the set of real
points of F. Let I be a bounded interval of length t and | be a bounded interval of length t.

Suppose that t > exp(3d?).

Then the number of points in V(F) NI x ] N Z? is bounded above in the following way :

[V(F)N(Ix])NZ?| < Ny - (log(t))**+*/% 11/

with :
N, = 40-(5¢)* 4.

Proof. Without changing the length of I and ] we may suppose they are compact.

We first deal with the degenerate case where dyxF = +dyF. In this case the derivative of F in the direction
(1,%1) is always zero which implies that F is affine (i.e. degF < 1). This case is excluded.

We denote by I' the set V(F)N I x]. It is a compact subset of the plane.

A point p of I' is said to be special if it is on the boundary of I x J or if it satisfies :

dxF(p) =+dyF(p)

i.e. if the slope of the tangent line to the curve V(F) passing by p is +1. Let S C I' denote the set of special
points. Using Bézout’s theorem, the irreducibility of F and the fact that deg F > 2, one sees that the curve
V(F) intersects the square border d(I x J) in at most 4d points.
By Bézout’s theorem again and since we have excluded the degenerate cases, there are at most 2d(d — 1)
points with dyF(p) = +dyF(p) hence :

|S| <2d(d +1).

Now consider the set X =I'\ S. Notice X can be obtained from the curve V(F) by removing finitely many
points, including its singularities, and then intersecting with the open set given by the interior of I x J.
Hence it is a C* submanifold of R? of dimension 1.
Therefore the connected components of X are open in X and if C is such a connected component, one has
either :

[oxF|<|dyF| (a)

or
|dyF| <|dxF| (b)

on C by connectedness and because we have removed points with equality of these quantities.
We claim that C is the graph of some C* function f with |f’| <1 in the form y = f(x) or x = f(y) whether
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we are in case (a) or (b).

Without loss of generality let us suppose we are in case (a). The claim is true locally on C by the implicit
function theorem, and to show that it is true globally we only need to prove that the x-coordinate form dx
is injective on C. Suppose it is not : hence there are two points p = (x,y;) and g = (x,y,) with y; <y, on C.
Since C is a 1 dimensional connected smooth manifold, it is either diffeomorphic to R or to a circle, hence
there is some C* arc p : [0,1] — C such that y(0) = p and y(1) = g. Now applying Rolle’s theorem to the
smooth function dx o y, there is some s €]0, 1 with :

dxoy(s)=0

Bot one also has F oy = 0 so dyF(y(s)) = 0, which is not possible on C in case (a). Notice this whole
argument becomes much clearer with a drawing : we are just arguing that if two points on C have the same
x-coordinate then C has a vertical tangent line.
Now that the claim is proved and since both F(X,Y) and F(Y, X) are C-irreducible of degree d > 2, we may
use theorem 3.10 to state that :

|CNZ2| < My - (log(t) >+ /4.

The only thing left to do is to count the connected components of X.

Notice each connected component C of X contains a special point in its closure (the closure of C in T
or in R? is the same since T is closed in R?) : otherwise C would be closed in I' (because its closure is still
connected) hence it would be compact and we could then find a point in C with maximal x or y coordinate,
yielding some vertical or horizontal tangent line whether we are in case (a) or (b).

Therefore :
YieYy
C

PES Cap
where the sum runs over all connected components of X.
Eventually we claim that for each special point p there are at most d connected components of X containing
p in their closure.
Consider a special point p and Cy,...,C, some distinct connected components of X containing p in their
closure. We aim to prove that £ < d.
Now for each i, the projection dx(C;) is an interval (by connectedness) which contains dx(p) and which is
non trivial (otherwise the polynomial F(dx(p), Y) would have infinitely many roots hence F(dx(p),Y) =0
and X —dx(p) | F which is impossible because F is C-irreducible of degree at least 2). Therefore the set :

dx(C;)

DR

i=1
is also a neighborhood of dx(p). There exists some a in this neighborhood with a # p. The line X = a
intersects V(F) in at most d points by Bézout’s theorem and C-irreducibility of F. Since a € ﬂle dx(C;), it
also intersects each C;, yielding € distinct points in V(F)N V(X —a) because the C; are disjoint. Hence £ < d
as desired.

Therefore :
Z1 <|S|-d<2d*(d+1)<3d°.
C

Putting all together we obtain :
[V(E)N(Ix))NZ2| < |X N Z2| +1S] < 3d>M, - (log(1))**** /4 + 2d(d + 1)
<4d3M, - (log(t))zdw/z ¢1/d
<N, (log(t))z‘”m f1/d

with N; =40- (Se)4d d?? since 4d> < (5¢)“. O
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Remark 3.12. In the original paper from Bombieri and Pila [5] as well as in the notes [4], the number of connected
component of the set X introduced in the previous proof is bounded by O(d?) instead of O(d®) without much
explanation.

It seems that it could be achieved using a theorem of Harnack and Coolidge on real algebraic curves ([6]). However
it does not affect the bound too much because of all the rough estimations made before.

4 A counter example to a question in genus theory

In the article [3], paragraph 4, the authors use the following fact, supposedly known from genus theory, in
order to deal with the case where the number field K has a subfield of index 2.

Conjecture 4.1. Let n > 1 be an integer. There exists a constant C = C(n) > 0 such that for all quadratic
extensions K/F of number fields with [K : Q] = n, one has :

ry(K) < ro(F) + 2t + C

where r5(K) (resp. r,(F)) is the dimension over F, of the 2-torsion of the class group of K (resp. of F) and t is the
number of ramified primes in the extension K/F.

This result would be surprising because the best result known in this direction ([10], theorem 2.1) only
gives a bound of the type :
T’z(K) < 21’2(1‘—“) + 2t

In fact the argument of Bhargava and co. to deal with the case where K has a subfield of index 2 doesn’t
work any more with this weaker inequality : their argument consisted in applying the first estimate 1.7 to
F and then using 4.1, which does not provide the right exponent on the discriminant if we use instead the
weaker inequality.

In these notes we got around this issue by applying theorem 2.6 to a certain subfield of K that has no sub-
field of index 2 instead of the first estimate 1.7 (see paragraph 2.1).

The aim of this section is to give a proof that the "conjecture" 4.1 is false using the following theorem
of Pagano and Koymans ([11], theorems 1.1 and 1.3).

In what follows, w(n) denotes the number of prime divisors of n. If K is a number field, let K be the sub-
group of K* consisting of totally positive elements, i.e. those elements whose image by anyn real embedding
of K is positive. Define the narrow class group of K, Cl1*(K), to be the quotient of the group of non-zero
fractional ideals of K by the subgroup of principal ideals generated by an element of K*. Write r; (K) for
the dimension over F, of C1*(K)(2), the 2-torsion of the narrow class group.

Theorem 4.2. (Pagano, Koymans, 2020) Let n > 1. A vector (ay,...,a,) of integers is said to be acceptable if each
a; is squarefree, satisfies a; > 2, has only prime factors equivalent to 1 modulo 4 and if the a; are pairwise coprime.
For such a vector, one has :

r;((@(\/ﬂ,...,\/ﬁ))SZ”_lw(al ----- a,)-2"+1

Also, for any integers ky,ky, k3 > 1, there are infinitely many acceptable vectors (ay,a,,as) such that w(a;) = k;
that satisfy the following equality :

r3 (QVar, Vaz, Nas)) = 4w(ay -+ a,) = 7.
Before we can use this result we need to relate the numbers r; (K) and r,(K).

Lemma 4.3. Let K be any number field. One has :

‘OSr;(K)—rZ(K) <r

where 1 is the number of real embeddings of K.
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Proof. Let P(K) be the group of non-zero principal fractional ideals of K and P*(K) be the subgroups of
those generated by an element of K*. One has an exact sequence :

P(K)

— P (K) — CI"(K) — CI(K) — 1

By applying the left-exact 2-torsion functor and the right-exact e ®7 I, functor we have exact sequences of
F,-vector spaces :

(2) — CI*(K)(2) — CI(K)(2)

and :
CI*"(K)®F, — CI(K)(2) ®F, — 1.

Now for any finite abelian group G, the vector spaces G®F, and G(2) are (non-canonically) isomorphic
(this can be seen by decomposing G into a product of cyclic groups or using duality : the dual of G®F, is
the 2-torsion of the dual of G). Hence the second exact sequence yields :

13 (K) = rp(K)

Now observe that :

P(K)  K¥Ogx K~
PHK)  K*/(OgNK*) KO
This is a quotient of K*/K* which embeds in {+1}" via the sign of the real embeddings. Hence 73(—5()) is a

[F,-vector space of dimension d < r. In particular, taking the 2-torsion doesn’t affect this group, and the
first exact sequence implies that :

€—13(K)+r5(K) = dimg, (Coker (CI*(K)(2) - CI(K)(2))) 2 0

hence :
ry(K)—ry(K)<€<r

which concludes the proof. O

Now we can disprove "conjecture” 4.1. Assume that it is true. Let kq,k;, k3 > 1 be integers and choose
any acceptable vector (a1,a;,a3) with w(a;) = k; that satisfy the equality of theorem 4.2. Consider K =

Q(va1,+/a3,+/a3) and F = Q(+/a;, v/a;). According to 4.1 one has :
1’2(K) < Tz(F) +2t+C

where t is the number of ramified primes in the quadratic extension K/F (it is quadratic because the vector
(a1,a,,a3) is acceptable) and C = C(8) does not depend on K and F. Using lemma 4.3 this gives :

r3(K)—-r<rj(F)+2t+C

where r is the number of real embeddings of K, i.e. r = 8. Applying both results of 4.2 with the fact that
(a1,a;) is also acceptable gives :

4(1)((11&2{13)—7— 8 < 2(1)(&1(12) -3+2t+C.

It remains to estimate t. Notice that K = F[/3] and the minimal polynomial of /a3 over F is t = X? - as.
This polynomial is separable modulo every prime p except 2 and the prime divisors of a3, so any prime p
of F above p with p { 2a3 is unramified in K (because 7t is separable in Or/p 2 F,,). Hence ¢ is at most the
number of primes of F above prime divisors of 2a; :

t < C()(2(13) X [F : Q] < 4(1 +k3)
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because 2 t a3 by hypothesis. Putting all together and using the fact that the a; are pairwise coprime, we
obtain :
4(ky +ky+k3) <12+ C+2(ky + k) +8(1 + k3)

hence :
2(k1 + k2) — 4k3 < 20+ C.

This holds for all k1, k,, k3 > 1, which is absurd. This disproves 4.1.

5 Appendix 1: Lattices and Minkowski’s theorems

In this appendix we recall the basic definitions and properties of lattices of a finite dimensional real vector
space and we give proofs for the 2 Minkowski’s theorems.

Definition 5.1. Let V be a finite dimensional real vector space. A lattice of V is a subgroup A that is discrete (in
the sense of the euclidean topology on V) and that spans V as a real vector space.

It is equivalent to say that A is a finitely generated subgroup of V of rank dimV that spans V as a real vector
space.

A subgroup of a lattice A is a lattice if and only if it has finite index in A. In this case it is called a sublattice of A.

In what follows, V is a finite dimensional real vector space endowed with some Lebesgue measure y
and A is a lattice of V.

Definition 5.2. A measurable subset D C V is said to be a free domain for A if the sets x + D for x € A are
pairwise disjoint.

It is a generating domain for A if V.= J,ca(x + D), and it is a fundamental domain for A if it is both a free
domain and a genetating domain.

According to the next lemma, all fundamental domains D of A have the same measure, which we denote :

covol(A) = u(D).
It is called the covolume of A. Notice it depends on .
Lemma 5.3. Let F be a free domain for A and G be a generating domain for A. Then one has :
W(E) < (G).
In particular two fundamental domains have the same measure.

Proof. Since F is free one has :
G2 |_|(Gm(P+/\))
AeA
Hence, since A is coutable :

MG 2 ) WGN(F+A)=) u(G-NNF)=) p(G+A)NF)>p

AeA AeA AeA

U(G+/\)OF]=;4(F)

AeA
since G is a generating domain. O
Notice the covolume is always strictly positive because it is the determinant of a basis of the lattice with

respect to some fixed basis of V that spans a cube of volume 1.
From this it follows that if g € GL(V), one has:

covol(gA) = |det(g)|covol(A)

and if A’ C A is a sublattice, one has :
covol(A’)
covol(A)

The following theorem is a rather direct consequence of lemma 5.3.

=[A:A]
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Theorem 5.4. (Blichfeldt)
Let A be a measurable subset of V such that u(A) > covol(A). Then there exist x,y € A such that x —y € A\ {0}.
Moreover if A is compact, the conclusion still holds if we only have p(A) > covol(A).

Proof. The first statement is just the contrapositive of lemma 5.3, for if A does not satisfy the conclusion
then it is a free domain.

Now if A is compact and has y(A) > covol(A), then for any n > 1 the measurable set (1 + 1/n)A satisfies the
hypothesis of the first statement so their exist x,,,v, € (1 + 1/n)A such that x,, —y, € A\ {0}. Let us write
x, = (1 +1/n)a, and v, = (1 + 1/n)b,. The sequences (a,) and (b,) live in the compact set A so they have
subsequences that converge to some a and b in A, which are also limits of subsequences of (x,) and (y,),
and since A \ {0} is closed, one has a—b € A\ {0}. O

Next we prove Minkowski’s first theorem that allows one to find small non-zero vectors in a lattice.

Theorem 5.5. (Minkowski) Let A C V be a measurable, convex (or closed under taking the average of two vectors)
and symetric with respect to 0. If u(A) > 2% covol(A), then A contains a non-zero element of A.
If A is also compact, the conclusion still holds with only u(A) > 24 covol(A).
In particular, if V is endowed with some norm |e|, then A contains an element A # 0 such that :
] < 2(covol(A) )Ud
p(B)

where B is the open unit ball of V and d = dim V.

Proof. Define the measurable set C = 1 A. One has #(C) > covol(A) (or only u(C) > covol(A) in the second
case).By Blichfeldt’s theorem 5.4, there exist x,v € C such that x—y € A\{0}. Note that x—y € A because A is
symetric with respect to 0 and closed under taking averages of two vectors, which yields the desired result.
Now let R > 0, and consider the closed ball centered at 0 with radius R, RB. It is convex, compact and
symetric with respect to 0. Also it has measure Rdy(B), hence if det(B) > 2% covol(A), then RB contains a

covol(A)
(B)

1/d
non-zero element of the lattice. It then suffices to let R = 2( ) to conclude. O

The second Minkowski’s theorem is about successive minima in a lattice. In what follows V' is endowed
with a norm |e| (which we will later suppose to be euclidean). B denotes the open unit ball of V and B is
the closed unit ball. The following lemma is useful to define the notion of successive minima.

Lemma 5.6. Let A be a discrete closed subset of V. Then the set N = {|a|| a € A} is a closed and discrete subset of
R,. In particuler it is true if A is a lattice.

Proof. Let (a,) be a sequence of points in A such that |a,,| — €. The aim is to show that |a,| = £ for n large
(this will show that N is closed and discrete at the same time). The sequence (a,) is bounded and V has
finite dimension, and A is closed and discrete, therefore (a,) takes finitely many values, hence the same is
true for (|a,|). However this sequence converges so it has to be constant for large n. O

Definition 5.7. (Successive minima) Let 1 <k < d be an integer. One defines the k-th successive minimum of A
for the norm |e| to be :

A= inf{r >0|Rk(rBNA)> k}
where RK(S) stands for the linear rank of a subset S of V, i.e. the dimension of the R-linear span of S.

Lemma 5.8. In the previous definition the infimum is also a minimum. In other words, for r < Ay, the set ANrB
has rank at most k — 1, whereas for r > Ay, it as rank at least k.
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Proof. The set N = {|x|| x € A} is discrete and closed in R, so their exist u > A such that :
A u]NN =0.
It follows that for every r € [Ay, u] one has :
rBNA=ABNA
which implies that the ranks of A;B and uB are the same and are at least k. O

Notice one has :
O< <A< < Ay

but in general the inequalities are not strict. The first successive minimum A, is the smallest norm of a
non-zero element of A. By Minkowski’s first theorem 5.5 one has :

covol(A) )l/d

A L2
1 ( u(B)
pour p une mesure de Lebesgue quelconque sur V.

Theorem 5.9. (Existence of a Minkowski basis) There exist some linearly independent vectors vy,...,vy € A such
that for all k :
vkl = Ak

and in particular :
Vectpy (A N /\kE) = Vectg (vq,...,v%)-

Proof. Suppose vy,...,v;_; are defined and satisfy |v;| = A; for i < k. By lemma 5.8, the set A;BN A has rank
k and contains vq,...,v,_1 so there exist vy € A outside of the R-span of the v; for i < k such that |vy| < Ay.
Necessarily |vi| > Ay (by definition of Ay), which implies that :

vkl = Ak

The second statement comes from the fact that these two spaces have the same dimension and clearly
v;e AN A Bfori<k. O

In general we can’t find such v; that generate A : they will only generate a sublattice of A. However we
may find a basis of A consisting of small enough vectors :

Corollary 5.10. There exist (wy,...,wy) a Z-basis of A such that :
|lwi| < k=1 Ak

and
ANABC Vecty(wy,..., W)

foralll1 <k <d.

Proof. Pick a basis (v;) as given by 5.9. Consider the sublattice Vecty(vy,...,vg) of A. By the second part of
the lemma below 5.11 one can find a basis (wy,...,wy) of A and integers a;; such that :

Vi = apwy + e+ agw;
for all i, with 0 < 4;; <a;;. By induction we show that :

[wi| <2771,
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for all j. Let j > 1, and suppose the inequality is true for all k < j. One has :

j-1 j-1
Vi—ajpwy—--—4a;i1wWj—q _ .
|w]-|:| L &2 ! ‘SZ|wk|+/\jSZZk 1/\k+/\jS2] 1/\j.
ajj k=1 k=1

as desired.
It follows from the properties of basis (vy,...,v;) that for all k :

ANABC AnVectg(vy,..., V1) S AN Vectg(wy,...,wr_1)

because the base change is triangular. Note that A N Vectg(wy,...,wx_1) = Vectg(wy,...,w_1) because w is a
basis of A, which concludes the proof. O

We used the following technical lemma that allows one to create a basis of A from a basis of some
sublattice or conversely create a basis of a sublattice starting from a basis of A.

Lemma 5.11. (Adapted basis lemma) Let L C M be two lattices of V, and d denote the dimension of V.
For any basis (my,...,my) of M there exist a basis ({1,...,€4) of L with triangular base change matrix P = (p;;)

with :
i = Zpijmj
j
or more visually :

& =prim
ly = primy +pyymy
{3 = p31my + p3amiy + p3sms

with p;; €N, and p;; = 0 for j > i, as well as p;; <pj; for j <i.
Conversely, for any basis ({1,...,€;) of L there exist a basis (my,...,my) of M such that one has the same conditions
as above except the last one which becomes : p;; < p;; for j <i.

Proof. Let (my,...,my) be a basis of M. Since M and L are free abelian group of the same rank, the group
M/L is finite (because finitely generated of rank 0) which implies that for all i the set :

Lnd{piymy +---+piim; | pij €N, p;; > 0}
is non empty. Take ¢; = p;;my +--- + p;;m; in this set with p;; minimal.
Now let us see why (¢,...,€;) is a basis of L. It is free because the matrix P is non-singular. It generates L :
let x € L\ {0} not generated by these vectors. One can write :
X = XM+ e+ Xy

with k <d, x; # 0 and k minimal. Now write :

Xk =qPkk T 7
with r < pgg. This yields :

x = qly + (X1 = pr1)my + - + (Xk-1 = Prg—1)Mk-1 + rmy

hence (x; —pg1)my + -+ (Xg—1 — Pk,k—1)Mk-1 + 'y is an element of L, and by minimality of p;;, we have :

r=0
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and then (x; — pxy)my + -+ + (Xk—1 — Pkk—1)Mk—1 is also in L which implies, by minimality of k that it is
generated by the ¢;, which means the same is true for x : it is a contradiction.
Hence ¢ is a basis for L. Now we change this triangular system to obtain the inequalities that we want.
Consider the elements :

€l’ =t b+ + 10

with #;; in Z to be chosen later and t;; = 1. The matrix T = (t;;) is in GL4(Z) because it has determinant 1,
which means ¢’ is still a basis for L.
Now define the matrix P’ = TP, still triangular, with pfl- = pii, so that:

7 7 7
G =pjymy+---+pjm;
and it remains to show that we can choose ¢;; in order to have for all j <i:
7 7 .
0<p;; <pj; = pjj
We fix i and choose t; ;_; then t;;_, , etc. until t; ;. The first row of the system gives :
Pii1 = tiic1Pi-1i-1 * Piji-1

which allows, by changing ¢; ;_1, to choose p;, | to be any integer congruent to p;;_; modulo p;_; ;_;, and
there is one satisfying :
0<p;; 1 <Pi-1i-1

and we do the same with the other rows of the system.
Now let us deal with the second part of the lemma. Let £ be a basis for L. Since M/L is finite, there is

some D > 0 such that :
DM CL.

Now we may apply the first statement of the lemma to the sublattice DM of L : there is a basis (Dm,..., Dmy)
of DM such that :

Dmy =q114,
Dmy = q2101 +q220>

Dm3 = 3101 +q3202 + q33¢3

with g;; > 0 et g;; > 0. By inverting the system we obtain :

€1 = u“Dml
€2 = u21Dm1 + M22Dm2
€3 = u31Dm1 + M32D7ﬂ2 + M33DW[3

with U = Q! € M;(Q). Since m is a basis for M, the u;;D are integers. Now if we let p;; = Du;; € Z and
perform the same trick as in the first part we can get the desired inequalities. O

Now we prove the second Minkowski’s theorem which gives an estimate of :



that generalizes the inequality given by the first Minkowski’s theorem :

covol(A) )l/d

hs 2( #(B)

Several versions of this theorem exist, we only need the following one where the norm on V is euclidean.

Theorem 5.12. (Minkowski’s second theorem) Suppose the norm |e| comes from a euclidean inner product (e, e)
on V. Then one has the following bounds :

d
covol(A) < 1_[/\k <o covol(A)

e (B)
with : d/2 d/2
/4 1 (27e
ﬁd=r%+ﬂ)=—;;(7;) (1+0(1)

the volume of the unit ball of R and d = dim V.

Proof. The formula we wish to prove is independent on the Lebesgue measure y so we can assume it is
compatible with the euclidean structure in the sense that any d-dimensional cube spanned by some or-
thonormal basis of V has volume 1.

Consider bases (vy,...,v;) and (wy,...,wy) given by the theorems 5.9 and 5.10 :

they are families of linearly independent vectors of A, with |v;| = A;, w is a basis of A and :

AN ABC Vectz(wy,..., wi_1)

for all k. We put A’ = Vecty(vy,...,v,), the sublattice of A spanned by the (v;).
The notation [x1,...,x;] stands for the determinant of x in some orthonormal basis of V (defined up to sign).

Hadamard’s inequality yields :
d d
wrovall <[ el =] | A
k=1 k=1

l[v1,...,v4]| = covol(A’) = covol(A) - [A : A’] > covol(A).

and we also have :

Therefore :

d
A
]_[/\k > covol(A) = ﬁd%;())
k=1

as desired.
Now let us show that the upper bound stands. Using Schmidt’s orthonormalization, there exist an orthonor-
mal basis (e,...,¢;) of V and some real numbers ¢;; such that :

w; = Ztijej
j<i
with t;; > 0. We can then consider the vectors :
.
wf = —]e]

1 /\]

j<i
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which define a basis for V. They generate another lattice L of V with covolume :

t“
det(i)
Aj

Next we show that the first successive minimum of L is at least 1 :

tii _ covol(A)

covol(L) = = Y
LA [Ti A

ij

Let x € L be non-zero. We write :

as desired, because Zle xjw; € A\ Vectz(wy,...,wp_1) €V \ A,B. By Minkowski’s first theorem we obtain :

/d
covol(L) )1
1<) L 2{—=—
o ( u(B)
hence :
I_[A' <od covol(A)
AT u(B)
which concludes the proof. O

Eventually we prove the following theorem which is used to count elements in the intersection of a
lattice with some sufficiently large set. In this theorem we do not assume that the norm is euclidean.

Theorem 5.13. Let A be a measurable subset of V and F be a measurable fundamental domain for A. One has :

< HALE)

ANAS —=
| < covol(A)

Also there exist a measurable fundamental domain F contained in the closed ball centered at 0 with radius 2914 :

FCB(0,2904)

In particular one has :
(A+B(0,271))
covol(A)

AnA <t
Proof. The first statement comes from the fact that :

|_| (x+F)CA+F
xeANA
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which yields u(F)x|A N A| < u(A+F). For the second one, we pick a basis (w;) of A as given by theorem 5.10
with :
wil < 28710

for all k. Consider the fundamental domain F defined by :

The triangular inequality gives :
because Z,’le 2k-1 ), < Zle 2k-1) <29, O

6 Appendix 2: A bound on the number of subgroups of a finite group
According to [1], we prove :
Theorem 6.1. Let G be a finite group of order n. Then the number of subgroups of G is bounded above by :
o827 (1og 1)Ollogn),
For this we need the following lemma.
Lemma 6.2. A group G of order n can be generated by at most log,(n) elements.

Proof. By induction one can find a set of elements g1,...,gx € G with, for all i, (where H; { =(gy,...,8i-1)) :
g; ¢ H;_1 and G = Hy (and Hy = 1). Notice that [H; : H; 1] > 2, hence :

k
n=[Hy:Hol=| [[H;: Hia]2 24
i=1

50 k <log,(n) : we have proved that G has a set of at most log,(#) generators. O
We now prove the theorem.

Proof. According to lemma 6.2, any subgroup of G can be generated with at most log,(n) elements of G.
Hence the number of subgroups of G is bounded below by the number of subsets of G with at most log, (1)
elements, that is :

[log, (n)]

(n)<(1+log n)( " )
— k|~ 2 \log, n

for large enough n. Using Stirling’s approximation one has :

n _ ylogyn O(log(mn))
(10g2 n) n (logn)

which yields the desired result since multiplying by log, 7+ 1 doesn’t affect the O(log(n)) in the exponent.
O

Corollary 6.3. The symetric group S, has at most :

2 2
n" log n+0O(n*)

many subgroups.
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Proof. Using theorem 6.1 with |S,)| = n! the group $,, has at most :

2
(n!)logQ(nI)(log(n!))O(log(n!)) — exp(log(n!) )(nlogn+ O(n))O(nlogn)

log2
1 24+ 0(n?1
= exp((’1 ogn)” + On”logn) + O(nlognlog(nlogn+ O(n)))
log 2
= exp (nlog ”)2 + O(”2 logn) _ 7,lnzlogz n+0(n?) — nnzlogn+0(n2)
log2
many subgroups. O

7 Appendix 3 : An inequality on the Gamma function

Using 2], lemma 1.7, we prove the following inequality, where I’ is the usual Gamma function.

Proposition 7.1. For all x > 0 one has :

T(1+x)<x%e™™y2m(1 +x).

Proof. As usual denote by ¢ the logarithmic derivative of I :

I‘/
v =

which is well defined and smooth for x > 0. According to [2], lemma 1.7, one has :

P(1 +x)210g(x+%)

for all x > 0. Now define :

f(x)=logT'(1+x) —10g(xxe*"\/2rc(1 +x)) =logl'(1+x)—xlogx+x— %log(Zn(l +x))

so that :
1 1 1 1 1
>1 ) log(x) - 1 (1 —)— .
2+2x - og(’”z) 08~ 3oy 2les\ 1+ 5 )= 75 o:

Assuming we have proved that this last quantity is always positive for x > 0, we obtain that f is an increas-
ing function. According to Stirling’s approximation we have, when x goes to infinity :

f(x) = (1 +x) - log(x) -

1 1
f(x)=xlogx—x+ Elog(2nx)+o(1)—xlogx+x— Elog(Zn(l +x))—0

so f is a negative function, which is what we wanted.
It remains to show that :

1
1 1+—1]>
Og( +2x)_2+2x

for x > 0. Differentiating the difference gives :

(lo (1+1) ! )— ! + L <0
dx VOB Ty ) T 2v k) T e T oe 12 T

hence the difference is a decreasing function but its limit at co is 0 so it is a positive function. O
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This result is used for the following lemma that we need in theorem 1.6.
Lemma 7.2. Recall the definition of A,, from theorem 1.6 :

sT(2+1)"

Then for all n > 1, one has :

(e}

A, <—n<3n.

(2N

Proof. Using 7.1, we have :
2/n

()" yorta)

4 n 1 1y
S
nl/n 7t 2e n 2

" (2n(§))§ Qns 3n.
2 e

e~

Ay
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